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Abstract. Zero-curvature representations (ZCRs) are well known to be one of the main tools in 
soliton theory. In particular, Lax pairs in the (1 + l)-diniensional case can be interpreted as ZCRs. 
For any (1 + l)-dimensional scalar evolution equation, we define a sequence of Lie algebras 
ff^ , F", n = 0,1,2,3,..., which classify all ZCRs of this equation up to gauge transformations. The 

algebra F" classifies ZCRs whose x-part depends on jets of order not greater than n. 
, We prove some results on generators of F". This allows us to compute the explicit structure 

of F" for some examples. In particular, we study the structure of F" for equations of the form 
^ , Ut = U2q+i + f{x, t, u, ui, W2g-i) for all q > 0, which include KdV, Kaup-Kupershmidt, Sawada- 

Kotera type equations. Here Uk is the fc-th derivative of u = u{x,t) with respect to x. For such 
equations, it is shown that the algebra F" is isomorphic to a central extension of the algebra F"~ 
for all n > 2(7 — 2. This result allows one to obtain necessary conditions for integrability of such 
equations. 

Some applications to classification of scalar evolution equations with respect to Backlund trans- 
formations are also discussed. 

d 

^ ' 1. Introduction and the main results 

1.1. Zero-curvature representations and the algebras a). We study (l-l-l)-dimensional 
• scalar evolution equations 

in ; 

in! (1) -g^ = F{x,t,uo,ui, . . . ,Ud), u = u{x,t), Uk = -g^, Uo = U. 

! This class of PDEs includes many celebrated equations of mathematical physics (e.g., the KdV, 
O ' Burgers, Krichever-Novikov, Kaup-Kupershmidt, Sawada-Kotera equations). 

In this paper, integrability of PDEs is understood in the sense of soliton theory and the inverse 
scattering method. This is sometimes called S'-integrability. 
^, , It is well known that, in order to understand possible integrability properties of ([1]), one needs to 
' study so-called zero-curvature representations. A zero- curvature representation (ZCR) with values 
■ in a Lie algebra q is given by g-valued functions 

(2) A = A{x,t,Uo,Ui, . . . ,Un), B = B{x,t,Uo,Ui, . . . ,Un+d-l) 

satisfying 

(3) D,iB)~Dt{A) + [A,B] = 0. 

The total derivative operators D^, Dt in ([3]) are given by the formulas 

fc>0 fc>0 

We assume that g is finite-dimensional and all considered functions are analytic. 

The number n in ([21) is such that the function A may depend only on the variables x, t, Uk for 
k < n. Then equation implies that the function B may depend only on x, t, Uk' for k' < n+d—1, 
where d is the order of the right-hand side of ([1]). 
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Such ZCRs are said to be of order < n. In other words, a ZCR given by A, B is of order < n iff 
dA 

— — = for all / > n. 

OUi 

In this paper, we study the following problem. How to describe all ZCRs ([2]), ([3]) for a given 
equation ([T])? 

In the case when n = and the functions F, A, B do not depend on x, t, a partial answer to 
this question is provided by the Wahlquist-Estabrook prolongation method (WE method for short). 
Namely, for a given equation ([T]), the WE method constructs a Lie algebra in terms of generators 
and relations such that ZCRs of the form 

(5) A = A(mo), B = B{uo, Ml, ... , Ud-i), D^{B) - Dt{A) + [A, B] = 

correspond to representations of this algebra (see, e.g., [H [U and references therein). This 
algebra is called the Wahlquist-Estabrook prolongation algebra. 

In order to study the general case of ZCRs ([2]), ([3]) with arbitrary n, we need to consider gauge 
transformations. 

Without loss of generality, one can assume that is a Lie subalgebra of gt^ for some G Z>o, 
where gt^ is the algebra of N x N matrices. Let Q be the connected matrix Lie group corresponding 
to C glj^. A gauge transformation is given by a function G = G{x, t, Uq, Ui, . . . , Um) with values 
in Q. 

For any ZCR ([2]), and any gauge transformation G, the functions 

(6) A = GAG-^ - D^{G) ■ G-\ B = GBG'^ - Dt{G) ■ G'^ 

satisfy D^i^B) — Dt{A) + [A, 5] = and, therefore, form a ZCR. The ZCR given by (jS]) is said to 
be gauge equivalent to the ZCR (E]), (|3]). 

The WE method does not consider gauge transformations. In the classification of ZCRs ([5]) this 
is acceptable, because the class of ZCRs ([5]) is relatively small. 

The class of ZCRs ([2]), (|3]) is much larger than that of ([5]). As we show below, gauge transforma- 
tions play a very important role in the classification of ZCRs ([2]), ([3]). Because of this, the classical 
WE method does not produce satisfactory results for ([2]), ([3]). 

To overcome this problem, we combine the technique of gauge transformations with ideas similar 
to the WE method. Loosely speaking, the main ideas can be stated as follows. 

We find a normal form for ZCRs ([2]), ([3]) with respect to the action of the group of gauge 
transformations. This allows us to define a Lie algebra F" for each n G Z>o such that the following 
property holds. For every Lie algebra g, any g- valued ZCR ([2]), (|3]) of order < n is locally gauge 
equivalent to the ZCR arising from a homomorphism F" — g. 

More precisely, as is discussed below, we define a Lie algebra F" for each n G Z>o and each point a 
of the infinite prolongation £ of equation ([T]). So the full notation for the algebra is F"(£^, a). 

Recall that the infinite prolongation £^ of ([T]) is the infinite-dimensional manifold with the coor- 
dinates X, t, Uk for k G Z>o. The precise definition of F"(£^, a) for any equation ([T]) is presented in 
Section [2J In this definition, the algebra F"'(£^, a) is given in terms of generators and relations. 

For every Lie algebra g, homomorphisms F"'(£^,a) — )■ g classify (up to gauge equivalence) all 
g- valued ZCRs ([2]), ([3]) of order < n, where functions A, B are defined on a neighborhood of the 
point a & £. See Section |2] for details. 

As we show in Remark H] below, in some examples the algebras F"(£^,a) are more interesting 
than Wahlquist-Estabrook prolongation algebras. 

Some applications of F"(£^,a) to classification of evolution equations with respect to Backlund 
transformations are discussed in Subsection 11.31 

Let IK be either C or M. We suppose that the variables x, t, take values in K. A point a E S 
is determined by the values of the coordinates x, t, Uk at a. Let 

a = {x = xq, t = to, Uk = Ok) G xo, to, Ofe e K, k e Z>o, 
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be a point of 8. 

To clarify the definition of F"'(£,a), let us consider the case n = 1. According to Theorem [6] in 
Section [2], any ZCR of the form 

(7) A = A(x,t,Mo,Mi), = Mo, D,{B)-Dt{A) + [A,B] = () 
on a neighborhood of a G £^ is gauge equivalent to a ZCR of the form 

(8) A = A{x,t,UQ,ui), B = B{x,t,uo,ui, . . . ,Ud), 

(9) D,{B)~Dt{A) + [A,B] = 0, 
dA 

(10) -—{x,t,uo,ai) = 0, A{x,t,ao,ai) = 0, B{xo,t,ao,ai, . . . ,ad) = 0. 

OUi 

In other words, properties ([8]), ( !T0|) determine a normal form for ZCRs ([7]) with respect to the 

action of the group of gauge transformations on a neighborhood of a G 

A similar normal form for ZCRs (|2]), ([3]) with arbitrary n is described in Theorem [61 

As has been said above, all considered functions are assumed to be analytic. Therefore, on a 

neighborhood of a G the functions A, B from ([8]), (fTOj) are represented as absolutely convergent 

power series 

(11) A= Yl - ^o)'n^ - toY'iuo - aor'iu, - a,y^ ■ A^^^, 



;i2) B= 5^ (x - xoY' {t - toY' (no - aoY' . . . {ud - adY' ■ ^Jj; ' 



jo ■■■3d 



Here ^'^'^'/^ and -Bjg'.'^j^ are elements of a Lie algebra, which we do not specify yet. 
Using formulas (ITT]) . (IT^ . we see that properties (ITU]) are equivalent to 

(13) ii-,!^ = 4-'^ = S°','^o = 0, /i, /2, ^0 G Z>o. 

To define F^(£, a), we regard ^'q'.'j, B''^o%d fro'^ (|TT|) . (fT2|) as abstract symbols. By definition, 
the algebra F^(£^,a) is generated by the symbols ^ij,'//^, B^jo%^ for hyhyioyh, jo, ■ ■ ■ , jd G ^>o- 
Relations for these generators are provided by equations 0131) . A more detailed description of 
this construction is given in Section [21 

According to Section[2l the algebras F"(£^, a) for n G Z>o are arranged in a sequence of surjective 
homomorphisms 

(14) > F"(£, a) ¥''-\S, a) ^ > ¥\S, a) ^ ¥\S, a). 

Remark 1. It is possible to introduce an analog of F"(£^, a) for evolution systems 

— = F\x,t,u\...,u"^, ul,...,uT,...,u\,...,u^), 

u' = u'{x,t), ul = -^, i = l,...,m. 

Some results in this direction are sketched in the preprint [8]. 

In the present paper we study only the scalar case m = 1, because for scalar evolution equations 
the structure of F"(£^,a) can be understood much better. For m > 1 one gets some interesting 
results as well (see [8]), but the case of m > 1 is significantly different from that of m = 1. 

As has been said above, the algebra F"(£^, a) is defined by a certain set of generators and relations 
arising from a normal form of ZCRs. In Proposition [5] in Section [31 we describe a smaller subset of 
generators for F"(£^, a). 
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Example 1. Consider the case n = 1. As has been said above, the algebra ¥^{£,a) is given by 
the generators ^'g'^'/^, B^j^^^^ ^"^^ relations arising from ([9]), (fT3ll . Proposition [5] implies that the 
algebra ¥^[E,a) coincides with the subalgebra generated by ^l^^i^ for /i,io,ii G Zi>o. 
According to Proposition [5|, a similar result is valid also for F"(£^, a) for any n. 

This result helps us to describe the structure of F"(£^,a) and the homomorphisms (fTi|) more 
explicitly for some PDEs. Let q G Z>o- Consider equations of the form 

(15) Ut = U2q+l + /(X, t, Uo, Ml, M2<7-l)- 

This class of PDEs includes the KdV, Kaup-Kupershmidt, Sawada-Kotera equations. 
Theorems [T] and [2] are proved in Sections H] and [6] respectively. 

Theorem 1 (Section Hj). Let £ he the infinite prolongation of equation fllSp . where f is an ar- 
bitrary function and q G Z>o. Let a & £. For each n G Z>o, consider the homomorphism 
ipn. F"(^,a) -^F"-^(f,a) /rom ([M]). 
If n > 2q — 1 then 

[vuV2] = Vt;iGker^„, Vt;2 G F"(£, a). 

In other words, if n > 2q — 1 then the kernel of ipn is contained in the center of the Lie algebra 
¥''{£, a). 

For each k G Z>o, letipk- F^+2''~^(£, a) — F^' '^(£,0.) be the composition of the homomorphisms 
¥''+^''-\£, a) F^+2''~3(£, a) > ¥^''-\£, a) ¥^''~\£, a) 

from f|T^ . Then 

[hi, [h2, [hk-i, [hk, hk+i]] ...]]= V/ii, . . . , hk+i G keripk. 

In particular, the kernel ofipk is nilpotent. 

Applications of Theorem [T] to obtaining necessary conditions for integrability of equations ([T^ 
are discussed in Subsection II. 2[ 

Theorem 2 (Section [H]). Consider the infinite- dimensional Lie algebra 

where K[A] is the algebra of polynomials in A. Let £ be the infinite prolongation of the KdV equation 

(16) Ut = u^^^ + u^u. 
Let a & £ . Then 

• the algebra¥°{£, a) is isomorphic to the direct sum o/st2(IK[A]) and a dimensional abelian 
Lie algebra, 

• for each n G Z>0; the kernel of the surjective homomorphism ¥'""{£, a) — ¥^{£, a) from f[T^ 
is nilpotent. 

To describe ¥^[£, a) for the KdV equation in Theorem [2], we use the following fact. If the function 
F in ([1]) does not depend on x, t, then the algebra ¥^{£,a) is isomorphic to a certain subalgebra 
of the Wahlquist-Estabrook prolongation algebra for ([T]) (see Theorem [3 in Section [S] for details). 

The explicit structure of the Wahlquist-Estabrook prolongation algebra for the KdV equation is 
given in [21 E], and this allows us to describe F°(£^, a) for the KdV equation. 

Remark 2. Using some extra computations, one can prove the following. 

Proposition 1. Let £ be the infinite prolongation of the KdV equation. For any a & £ and any 
n G Z>o, the algebra F'^(£',a) is isomorphic to the direct sum o/st2(lK[A]) and a finite- dimensional 
nilpotent Lie algebra. 
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We do not present a proof of Proposition [1] in this paper, because the result of Theorem [2] is suffi- 
cient for the main apphcations to Backlund transformations, which are discussed in Subsection 11.31 

To describe another example, we need some auxiliary constructions. Let ]K[fi,f2,f3] be the 
algebra of polynomials in the variables f i, V2, V3. Let ei, 62, 63 G IK be such that ei 7^ 62 7^ 63 7^ ei. 
Consider the ideal Xej,e2,e3 C K[t>i, t>2, ^3] generated by the polynomials 

(17) Vi - v] + ei- ej, i, j = 1, 2, 3. 
Set 

1,62,63 ,62,63 • 

In other words, i?ej ^22,63 is the commutative associative algebra of regular functions on the algebraic 
curve in defined by the polynomials (|T7j) . It is easy to check that this curve is nonsingular and 
is of genus 1. 

We have the natural surjective homomorphism IK[t>i, t>2, ^3] — > -E'ei,e2,63- The image of 
Vi e K[vi,V2,V3] in Ee^^e2,e3 IS denoted by Vi e -Eei,e2,63 for i = 1,2,3. 
Consider also a basis Xi, X2, of the Lie algebra S03(K) such that 

[Xi, X2] = X3, [X2, X3] = Xi, [X3, Xi] = X2- 

We endow the space S03(K) ®^ Ee^,e2,e3 with the following Lie algebra structure 

[2/1 ® ^1, 2/2 ® /i2] = [1/1,^2] ® /il ^2, yi,y2 e SO^iK), /li, /l2 G ^ei, 62,63 • 

Denote by 5^ei,e2,e3 the Lie subalgebra of S03(K) (g)K -E'ei,e2,63 generated by the elements 

Xi(^Vi e S03(K) ®K -^61,62,63, ^ = 1,2, 3. 

It is easily seen that the Lie algebra y{ei,e2,e3 is infinite-dimensional. According to \T7\, the 
Wahlquist-Estabrook prolongation algebra of the anisotropic Landau-Lifshitz equation is isomor- 
phic to the direct sum of 9iej^e2,63 and a 2-dimensional abelian Lie algebra. 

According to Proposition [2] below, the algebra £Hei ,62,63 appears also in the structure of the 
algebras ¥"{S, a) for the Krichever-Novikov equation. A proof of Proposition [2] in the case K = C 
is sketched in [7]. 

Proposition 2 ([7]). For any 61,62,63 G K, consider the Krichever-Novikov equation 
/.^x Sul^ (m — 61 )(u — 62)(m — 63) 

(18) ut = u,,, - + ^ '-^ ^-^ ^, u = uix, t). 

Let £ be the infinite prolongation of this equation. Let a ^ £. Then 

• the algebra F°(£^,a) is zero, 

• for any n > 2, the kernel of the surjective homomorphism ¥'^(£, a) — F^(£^, a) from ([H]) is 
nilpotent, 

• if Ci 7^ 62 7^ 63 7^ 61, then the algebra F^(£,a) is isomorphic to 9^ei, 62,63- 

Remark 3. The proof of Proposition [2] uses the well-known fact that the Krichever-Novikov equa- 
tion possesses an 503-valued zero-curvature representation parametrized by the above-mentioned 
curve. 

Remark 4. As has been said above, if the function F in ([T]) does not depend on x, t, then the 
algebra F°(f , a) is isomorphic to a certain subalgebra of the Wahlquist-Estabrook prolongation 
algebra for ([T]). 

The algebras ¥""{£, a) for n > 1 cannot be obtained by the classical Wahlquist-Estabrook pro- 
longation method, because the main idea behind the definition of F"(£^,a) is based on the use 
of gauge transformations, while the Wahlquist-Estabrook prolongation method does not consider 
gauge transformations. 
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According to Proposition |2l for the Krichever-Novikov equation we have F°(£^,a) = and 
dimF"'(£^, a) = oo for n > 1. It is easy to show that the classical Wahlquist-Estabrook prolon- 
gation algebra is trivial for the Krichever-Novikov equation. Thus in this example the algebras 
F"'(£, a) are more interesting than the Wahlquist-Estabrook prolongation algebra. 

Remark 5. For the KdV, Krichever-Novikov equations and the equation ut = Uxxx, the problem 
to describe ZCRs the form 

(19) A = A{uo, ui, ^2, . . . ), B = B{uo, u,, ^2, . . . ), D^iB) - Dt{A) + [A, B] = 

was studied in [5j. Note that A, B in ( IT9|) do not depend on x, t. 

For the Burgers and KdV equations, the problem to describe ZCRs of the form ( TTOl) was also 
studied in [1]. However, gauge transformations were not considered in Because of this, the 
paper [1] had to impose some additional constraints on the functions A, B in flTI?]) . 

Remark 6. Some other approaches to the action of gauge transformations on ZCRs can be found 
in [ini ttH [121 [Tg [Tg [20] and references therein. For a given g-valued ZCR, the papers [TOt [TT| [T8] 
define certain g-valued functions that transform by conjugation when the ZCR transforms by 
gauge. Applications of these functions to construction and classification of some types of ZCRs are 
described in (TUl [HI [121 [ISl [ISl I2D] and references therein. 

To our knowledge, the theory of [IHl [HI [121 [ISl [121 [2D] does not lead to any infinite-dimensional 
Lie algebras responsible for ZCRs. So this theory does not contain the algebras ¥"'{£, a). 

1.2. Necessary conditions for integrability. In this subsection, g is a finite-dimensional matrix 
Lie algebra, and S is the infinite prolongation of an equation of the form f l20|) . ZCRs and gauge 
transformations are supposed to be defined on a neighborhood of a point a E £. 
Theorem [T] implies the following. 

Theorem 3. Let £ be the infinite prolongation of an equation of the form 

(20) = M2g+i + /(a;,t,Uo,Mi, ...,M2g-i), g G Z>o- 
Let a E £. 

If the Lie algebra F^'^~^(^^, a) is nilpotent, then ¥^[£^ a) is also nilpotent for all n > 2q — 2. 
If¥^'^~'^{£, a) is solvable, then ¥'^{£, a) is solvable for all n > 2q — 2. 

According to Theorem [7] in Section [21 for any g-valued ZCR of order < n, there is a homomor- 
phism p: F"(£^,a) — )■ g such that this ZCR is gauge equivalent to a ZCR with values in the Lie 
subalgebra p [¥"'{£, a)) C g. Using this fact and Theorem [3l we get the following result. 

Theorem 4. Let £ be the infinite prolongation of an equation of the form f[20|) . Let a E £. 
If ¥'^'^~'^ {£ , a) is nilpotent, then, for every Lie algebra g, any g-valued ZCR 

(21) A = A{x,t,Uo,Ui, . . . ,Un), B = B{x,t,Uo,Ui, . . . ,Un+2q), 

Dx{B)-Dt{A) + [A,B] = 0. 

is gauge equivalent to a ZCR with values in a nilpotent Lie subalgebra of g. 

If ¥'^'^~'^ {£ , a) is solvable, then any g-valued ZCR f[?Il) is gauge equivalent to a ZCR with values 
in a solvable Lie subalgebra of g. 

Recall that g is a finite-dimensional matrix Lie algebra. Let Q be the connected matrix Lie group 
corresponding to g. As has been discussed in Section II. 1[ a gauge transformation is given by a 
function G = G{x, t, Uq, ui, . . . , Uk) with values in Q. 

A g-valued ZCR 



A = A{x,t,uo,ui,...), B = B{x,t,uo,ui,...), D^iB) - Dt{A) + [A, B] = 
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is called gauge- solvable if there is a gauge transformation G such that the functions 

A = GAG-^ - D^{G) ■ G'\ B = GBG'^ - Dt{G) ■ G'^ 

take values in a solvable Lie subalgebra of g. In other words, a g-valued ZCR is gauge-solvable iff 
it is gauge equivalent to a ZCR with values in a solvable Lie subalgebra of g. 

Recall that, in this paper, integrability of PDEs is understood in the sense of soliton theory 
and the inverse scattering methodE In soliton theory, one is interested in ZCRs that are not 
gauge-solvable. 

To our knowledge, for all known examples of integrable equations ([1]), one has the following 
property. If an equation ([1]) is integrable then it possesses a ZCR that is not gauge-solvable. 
Therefore, it is natural to take this property as a necessary conditioiJl for integrability of ([1]). 

Combining this observation with Theorem |H we obtain the following. 

Theorem 5. Let S be the infinite prolongation of an equation of the form (1201) . If the Lie algebra 
F^''^^(£^,a) is solvable for all a E £, then this equation is not integrable in the sense of soliton 
theory. 

In other words, the property 

(22) the Lie algebra F^''~^(£, a) is not solvable for some a E £ 
is a necessary condition for integrability of equations of the form fl20l) . 

Example 2. To clarify the above results, let us consider a simple example in the case q = 1. 
Consider the equation 

(23) ut = u^xx + u^- 

It is easy to check that this equation does not admit any nontrivial ZCRs ([2]), ([3D for n = 0. 
However, it is not clear whether equation (123|) possesses nontrivial ZCRs ([2]), ([3]) for n > which 
could in principle be used for establishing integrability of (123|) . 

Using the definition of F°(£^,a) given in Section [21 it is easy to show that F°(£^,a) = for 
equation f[23|) . Then Theorem [H implies that, for all n > 0, any ZCR ([2[), ([3[) of f[23l) is gauge 
equivalent to a ZCR with values in a nilpotent Lie algebra. Therefore, we obtain that equation f[23|) 
is not integrable. 

Remark 7. It is widely believed that the following property holds for all integrable equations. If 
an equation ([![) is integrable then there are a semisimple Lie algebra g and a g-valued ZCR 

(24) v4 = A(A,x,t,Mo,Ui, . . . ,M„), = fi(A,a;,t,Mo,Mi, . . . ,u„+d_i), 

Dx{B)-Dt{A) + [A,B]=Q 

such that A, B depend (analytically) on a parameter A, which cannot be removed by gauge trans- 
formations. 

Let be the infinite-dimensional Lie algebra of analytic functions h{X) with values in g. 
Then f[2^ can be regarded as a ZCR with values in q'^. 

It can be shown that the algebras F"(£^, a) are responsible also for ZCRs with values in infinite- 
dimensional Lie algebras. In particular, the ZCR f[24l) is gauge equivalent to the ZCR determined 
by a homomorphism p: F"'(£, a) — )■ g'*'. 

Using this construction and Theorem [H one can show that the property 

(25) 3a e£ dimF2«-^(^,a) = oo 

is a necessary condition for integrability of equations of the form (!20|) . A proof of this fact will be 
presented elsewhere. 

^It is well known that linear equations are not integrable in this sense. 

^This condition is necessary, but is probably not sufficient for integrability of ([!]). Another necessary condition 
can be obtained in the consideration of parameter-dependent ZCRs, which are discussed in Remark [T] 
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So (122|) and (125|) are necessary conditions for integrability of equations of the form (!20|) . According 
to Section [21 the algebra ¥^'^'^{8, a) is defined in terms of generators and relations for any given 
equation ( !20l) . For some types of equations ( l20l) . it is possible to deduce from ( l22l) . ( !25l) some 
explicit conditions on the function / in (I2U]) . but this will be described elsewhere. 

Recall that in this paper we study integrability by means of ZCRs. Another well-known approach 
to integrability of evolution equations involves symmetries and consevation laws (see, e.g., [131 [HI 
[T5l [T6l [21] and references therein). In particular, the paper [13] presents necessary conditions for 
existence of generalized (higher) symmetries and conservation laws for equations of the form 

(26) Ut = Ud + g{x, Mo, Ml, M2, • • • , Ud-l). 

Using these conditions, one obtains classification results for some types of integrable equations of 
the form (1261) in the cases d = 2,3,5 (see [13j and references therein). It would be interesting to 
compare ( 12^ . with the conditions presented in [T^ . 

1.3. Necessary conditions for existence of Backlund transformations. The algebras 
F"(£^, a) help also to obtain necessary conditions for existence of a Backlund transformation between 
two given evolution equations. In the present paper we do not study Backlund transformations. 
We just briefly mention some results in this direction. 

For each n G Z>o, consider the surjective homomorphism F"(£^,a) — )■ F"~^(£^,a) from (H^j) . 
Denote this homomorphism by yU„: ¥^{£,a) — )■ F"'~^(£^,a). 

Let ¥{S, a) be the inverse (projective) limit of the sequence f[T^ . An element of ¥{S, a) is given 
by a sequence 

(co,ci,C2,C3, . . . ), c„eF"(£:,a), /i„(c„) = c„_i. 

Then ¥{S, a) is a Lie algebra, and we can consider the following topology on ¥{S, a). 
Since ¥[S, a) is the inverse limit of f[T^ . for each k G Z>o we have the surjective homomorphism 
Pk'. ¥{£,a) ¥''{8, a) given by Pfc((co, ci, C2, C3, . . . )) = c^. 

The subsets P^^(m) C ¥{£, a) for v G ¥^{£, a) and A; G Z>o form a base of the topology on ¥{£, a). 

Remark 8. Let L be a Lie algebra endowed with the discrete topology. Then a homomorphism 
¥{S, a) — )■ L is continuous iff it is of the form ¥{£, a) ¥''{8, a) ^ L for some k G Z>o and some 
homomorphism ¥^{£,a) — )■ L. 

It is shown in [7j that the algebra ¥{£, a) has some coordinate-independent geometric meaning. 

A Lie subalgebra H C ¥{£, a) is said to be tame if there are k G Z>o and a subalgebra () C F'^(£^, a) 
such that H = p^^(f)). Note that the codimension of H in ¥{£, a) is equal to the codimension of [) 
in ¥\£,a). 

Remark 9. It is easily seen that a subalgebra H C ¥{£, a) is tame iff H is open and closed in 
¥{£, a) with respect to the topology on ¥{£, a). 

A proof of Proposition [3] is sketched in [7] . 

Proposition 3 ([T]). Let £1 and £2 be evolution PDEs. Suppose that £1 and £2 are connected by 
a Backlund transformation. Then for each i = 1,2 there is a point Oi G £i and a tame subalgebra 
Hi C ¥{£i, flj) such that 

• Hi is of finite codimension in ¥{£i,ai), 

• Hi is isomorphic to H2, and this isomorphism is a homeomorphism with respect to the 
topology induced by the embedding Hi C F(£j,aj). 

In fact the preprint [7] contains a more general result about PDEs that are not necessarily 
evolution. 
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Proposition [3] provides a necessary condition for two given evolution PDEs to be connected by a 
Backlund transformation (BT for short). Using Proposition [3], one can prove non-existence of BTs 
for some PDEs. 

For example, the following result is obtained in [6] by means of this theory. For any ei, 62, 63 G C, 
consider the Krichever-Novikov equation 

T^AT/ \ f 3m^_. (u - ei)(u - e2)(u - 63) , , 

(27) KN(ei,e2,e3) = <^Mi = M,,, --^ + ^ '-^ ^, u = u{x,t) 

^ Z Ux tlx 

and the algebraic curve C(ei, 62, 63) = y) G y"^ = {z — ei){z — 62) (-2 — e3)|. 

Proposition 4 (|6]). Let ei, 62, 63, e'^, e'g, e'g G C 6e swc/i i/iai Cj 7^ Cj anc? 7^ e^- /or a// i ^ j ■ 

If the curve C{ei, 62,63) is not birationally equivalent to the curve C(e'^, 63, 63), then the equation 
KN(ei,e2,e3) is not connected with the equation KN(e'^, 63, 63) by any Backlund transformation. 

Also, if 61 7^ 62 7^ 63 7^ 61, then KN(ei,e2,e3) is not connected with the KdV equation by any 
BT. 

BTs of Miura type (differential substitutions) for (1271) were studied in [21]. According to [2T] . 
the equation KN(ei, 62, 63) is connected with the KdV equation by a BT of Miura type iff Cj = 6j 
for some i j- 

The preprints [6], [7] and Propositions [3|, H] consider the most general class of BTs, which is much 
larger than the class of BTs of Miura type studied in [21] . 

Note that the present paper is self-contained and can be studied independently of [6], [7] . 

1.4. Abbreviations, conventions, and notation. The following abbreviations, conventions, 
and notation are used in the paper. ZCR = zero-curvature representation, WE = Wahlquist- 
Estabrook, BT = Backlund transformation. 

All manifolds and functions are supposed to be analytic. 

The symbols Z>o and Z>o denote the sets of positive and nonnegative integers respectively. 
IK is either C or M. All vector spaces and algebras are supposed to be over the field K. 

2. The algebras F"(£,a) 

Recall that x, t, take values in K, where K is either C or M. Let K°° be the infinite-dimensional 
space with the coordinates x, t, for k G Zi>o. The topology on K°° is defined as follows. 

For each / G Z>o, consider the space K'"*"^ with the coordinates x, t, Uk for k < I. One has the 
natural projection tt; : K°° — )■ K'"'"'^ that "forgets" the coordinates Uk' for k' > I. 

We consider the standard topology on K'"*"^. For any / G Z>o and any open subset V C K'+^, the 
preimage TT^-^iV) C K°° is, by definition, open in K°°. Such subsets form a base of the topology 
on In other words, we consider the smallest topology on K°° such that all the maps tti are 
continuous. 

Let U C K'^^^ be an open subset such that the function F{x, t, uq, Ui, . . . , Ud) from ([T]) is defined 
on U. The infinite prolongation £ of equation ([Tj) can be defined as follows £ = vr^ ^([/) C K°°. 

So £ is an open subset of the space K°° with the coordinates x, t, Uk for k G Z>o. The topology 
on £ is induced by the embedding £ C K°°. 

A point a G £^ is determined by the values of the coordinates x, t, Uk at a. Let 

(28) a = {x = Xq, t = to, Uk = ak) G £, Xq, to, G K, k e Z>o, 
be a point of £. 

Let s G Z>o. For a function M{x, t, uq, ui, U2, ■ ■ ■), the notation 

M 

Uf^=af^, k>s 

means that we substitute Uk = dk ^or all A: > 5 in the function M. 
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Also, sometimes we need to substitute a: = Xq or t = tg in such functions. For example, if 
M = M{x, t, uq, Ml, U2, Ms), then 

M = M{xo,t,uo,Ui,a2,a-i). 

x=xo, uic=ai;, k>2 

Let qIj^ be the algebra of N x N matrices with entries from K. Denote by Id G gl^v the identity 
matrix. 

Theorem 6. Let N G Z>o- Let g C gljy be a matrix Lie algebra. Denote by Q the connected matrix 
Lie group corresponding to Q C Qi^. 
Let 

(29) A = A(x,t,Mo,Ul, . . . B = B{x,t,Uo,Ui,...,Un+d-l), 

(30) D,{B)-Dt{A) + [A,B]=0 

be a ZCR of order < n such that the functions A, B are defined on a neighborhood of a E S and 
take values in q. 

Then there is a Q -valued function G = G{x,t,UQ,Ui, . . . ,Un-i) on a neighborhood of a E S such 
that the functions 

(31) A = GAG-^ - D^{G) ■ G-\ B = GBG'^ - Dt{G) ■ G'^ 
satisfy 



(32) 

(33) 
(34) 



dA 







Vs > 1, 



A 



B 



ut=ak, k>0 



x=xo, Uk=ai^, fc>0 



0. 



Proof. To explain the main idea, let us consider first the case n = 2. So A = A{x,t,uo,ui,U2). 
Consider the ordinary differential equation (ODE) 

with respect to the variable ui and an unknown function Gi = Gi{x, t, uq, ui). The variables x, t, uq 
are regarded as parameters in this ODE. 

Let 6*1(3;, t. Mo, Ml) be a local solution of the ODE fl5S]) with the initial condition 
Gi{x,t,Uo,ai) = Id. Since dA/du2 takes values in q, the function Gi{x,t,Uo,Ui) takes values 
in Q. 

Set 

(36) A = GiAG^^ - D^{Gi) ■ Gi\ B = G^BG^^ - Dt{Gi) ■ G^\ 

Since Gi takes values in the functions A, B take values in g. We have also 

dA 



0. 



Now consider the ODE 
(37) 



dGo 

dun 



G(] 



Uk=ai^, k>2 

dA 



dui 



with respect to the variable mq and an unknown function Go = Go{x, t, mq), where x, t are regarded 
as parameters. 
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Let Go{x,t,uo) be a local solution of the ODE (1371) with the initial condition Go{x,t,aQ) = Id. 
Let 



(38) 
Then 



A — GqAGq — -Da; (Go) ' Gq^, 

dA 
du.. 



B = GqBGq ^ — Dti^Go) ■ Gq ^ 
Vs>l. 



Let G = G{x,t) be a local solution of the ODE 

dG 



dx 



G-{A 



with the initial condition G{xo,t) = Id, where t is regarded as a parameter. Set 
(39) A = GAG-^ - D^{G) ■ G-\ B = GBG-^ - Dt{G) ■ G-\ 

Then 



dA 



Vs>l, 



A 



0. 



iife=aj., fc>0 



(40) 



Finally, let G = G{t) be a local solution of the ODE 

dG 



dt 



G- B 



x=xo, u^.=ai^, k>0 



B = GBG-^ - DtiG) ■ G-\ 



with the initial condition G(to) = Id. Let 

(41) A = GAG-^ - D^{G) ■ G-\ 

Then A, B obey ([32]), (jSS]), ([Ml). 

Set G = G ■ G ■ Go ■ Gi. Then equations ([36]), ([38]), ([39]), ([H]) imply 

A = GAG-^ - D^{G) ■ G-\ B = GBG'^ - Dt{G) ■ G~\ 

Therefore, G = G ■ G ■ Gq ■ Gi satisfies all the required properties in the case n = 2. 

This construction can be easily generalized to the case of arbitrary n. One can define G as the 
product 

where the functions 

Gq = Gg{x, t,uo,...,Ug), g = 0, 1, . . . , n - 1, 

G = G{x,t), G = G{t). 

are defined as solutions of certain ODEs similar to the ODEs considered above. □ 
Remark 10. Since the functions (!29l) obey (!30|) . the functions (!3T!) satisfy 

(42) D,{B)^Dt{A) + [A,B] = 0. 

Recall that all functions are supposed to be analytic. Therefore, taking a sufficiently small neigh- 
borhood of a G we can assume that A, B are represented as absolutely convergent power series 

(43) A= Yl - ^o)'^ (t - toY' (mo -aoY'... (un - a^Y" ■ A". 



/l,i2,j0v,*n>0 



(44) B= Yl - ^oY'it - toY%Uo - aoY" . . . {u^+d-i - a„+d-i)^"+^- • B"^':^ 



JO---Jn + d-l ' 



^l,'2,j0v.in + d-l>0 



aIi,12 r)h,h f. 
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For each n G Z>o, set 

(45) V„ = |(io, • • • e Z>o 3r G {1, ... ,n} such that V = 1, = Vg > r|. 

In other words, for Iq, . . . ,in G Z>o, one has (zq, • • • , "^n) ^ V„ iff there is r G {1, . . . , n} such that 
(io, . . . , ir-i, ir, ir+i, ■ ■ ■ ,in) = (^0, • • • , 1, 0, . . . , 0). In particular, for n = we have Vo = 0. 
Using formulas (143|) . dBj), we see that properties (!32|) . ( 133|) . are equivalent to 

(46) 4.:'^ = B',:% = A^'X = 0' (*o, ■■■,^n)e V„, /i, /a e Z>o. 
Remark 11. Let £ be a Lie algebra. Consider a formal power series of the form 

Set 

(47) D,.(C) = Yl - ^oYHt - toY'iuo - aoY° ■ ■ ■ {um - aj'-) ■ Cl^^^, 

(48) A(C) = Yl Mi^ - ^oY'it - toY'iuo - aoY' •.•(«„- a„)'™) ■ 
The expressions 



(49) 



D,{{x - xoY'it - toY'iuo - aoY° ■ ■ ■ {u^ - am)'™), 
Dt{{x - XoY'it - toY'iuo - aoY' • • • (^m - a^Y"") 



are functions of the variables x, t, Uk- Taking the corresponding Taylor series at the point ( l28l) . we 
regard ( H9l) as power series. Then ( 1471) . f HHI) become formal power series with coefficients in £. 
Consider another formal power series 

R= Y - ^o)''(^ - ^o)''(^o - ■ ^lo.'.X' ^Io:'L e ^- 

lJl>92J0,...Jm>0 

Then the Lie bracket [C, R] is defined as follows 

[C, R]= Y - ^o)'^^'H* - ^o)'^+^^(«o - ao)^«+^° . . . (u^ - a^)-+^- ■ [Cl^X^ Rl':^^J . 

Ql,Q2,j0,---,jm 

Remark 12. The main idea of the definition of the Lie algebra ¥"'{£, a) can be informally outlined 
as follows. According to Theorem [6] and Remark [T0| any ZCR (129!) . (!30l) of order < n is gauge 
equivalent to a ZCR given by functions A, B that are of the form (l43l) . (jHj) and satisfy fH2l) . (H6!l . 

To define F''(^,a), we regard B^lJ'j„^^_, from (USD, dSD as abstract symbols. 

By definition, the algebra ¥"'{8, a) is generated by the symbols ^'^''^j^, ^^jo^^+d-i ^^'^ 
/i, /2, io; • • • ; iniioi ■ ■ ■ , jn+d-1 ^ Z>o. Relations for these generators are provided by equations (H2!) . 
I6|) . The details of this construction are presented below. 



Let be the free Lie algebra generated by the symbols A'^''^^^, for 
li, I2, io, ■ ■ ■ , in, jo, ■ ■ ■ ,jn+d-i £ Z>o. Consider the following power series with coefficients in ^ 



B= ^ (x - a;o)'H^ - ^o)'H^^o - ao)'° • • • (Mn+d-1 - a„+d-i)'"+''-^ ■ B^^ 



jo- ■■ jn+d-1 ' 
h,l2,j0,---,jn + d-l>0 
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Then the power series D^^B), Dt{A), [A, B] are defined according to Remark [TTl We have 

<ln + d 



D,(B) - A(A) + [A, B] = Yl - ^oY' {t - toY' {uo - ao^ . . . {u^+d - a.+d)^"+'* ■ Z[^^'' 

h,h,qo,---,qn+d'>o 

for some elements Zf^''^^ G i?. 

Let 3 G ^ he the ideal generated by the elements 

^9o''\.+d' ^oY.Qy BqI'^o, /i, /2, go, • • • , Qn+d & Z>0, 

Set F"(£^, a) = ^/J. Consider the natural homomorphism p: ^ = F"(£^, a) and set 

^i0...in - PV^i0...in;' ^i0...i„ + d-l - P\^jO-jn + d-l)- 

The definition of J implies that the power series 

(50) A = Y - ^o)''(i - ^o)'H% - ao)*° •.•(«„- a„)*" ■ A^^;'^,^, 

(51) B= 5Z (x-xo)'n^-^o)''(no-ao)^V..(Mn+d-i-a„+d-i)'"+''-^ ■ 



JO---in+d-l 



satisfy 

(52) 1)^(1) - A (A) + [A,B] = 0. 

Remark 13. The Lie algebra F"(£^,a) can be described in terms of generators and relations as 
follows. Equation fl52|) is equivalent to some Lie algebraic relations for A^J^'^^^^, ^^j^^ljr,+a-i- '^^^ 
algebra F"(£^,a) is given by the generators A-J|''^j^, the relations arising from (152|) . and 

the following relations 

(53) K'^Yl = B°:':^o = A^o'.l = 0' (^0, . . . , ^n) e V„, /i, /2 G Z>o. 

Let g be a finite-dimensional Lie algebra. A homomorphism p: F"(£^, a) — )■ g is said to be tame 
if the power series 

(54) A= J2 - - - • • • - • 

(55) 5 = 5^ (x - Xo)'Hi - io)'H«o - aoY' . . . (w„+,-i - a^+.^^y-^"-^ ■ p{m'I/:',^^,J 

h,h,j0,--;jn + d-l 

are absolutely convergent on a neighborhood of a G In other words, p is tame iff (l54l) . fl55!l are 
analytic functions with values in g on a neighborhood of a G 

Since (ISUI) . (15T]) obey (15^ . the power series (1^ satisfy fH2]) for any homomor- 

phism p: ¥""{8,0} — )■ g. Therefore, if p is tame, the analytic functions flM|) . form a ZCR. 
Denote this ZCR by Z{£, a, n, p). 

Combining this construction with Theorem [6] and Remark [TOl we obtain the following result. 

Theorem 7. Let q he a finite- dimensional matrix Lie algebra. For any Q-valued ZCR fl29l) . fl30|) of 
order < n on a neighborhood of a E S, there is a tame homomorphism p: ¥"'{8, a) — )■ g such that 
the ZCR fl29|) . fl30|) zs gauge equivalent to the ZCR Z{S,a,n, p). 

The ZCR Z{S,a,n, p) takes values in the Lie algebra p(F"(£,a)) C g. 

Suppose that n > 1. According to Remark [T5| the algebra F"(£^,a) is given by the generators 
^h,h ^h,i2 ^j^g relations arising from (1521). 
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Similarly, the algebra W^'^^^S, a) is given by the generators A'^''^j^_^, and the relations 

arising from 

D^B) - A(A) + [A,B] =0, 
Ao^.:'o = ^a'^o = = 0, (^0, • • • , tn-i) G V„_i, h, h G Z>o, 

where 

Zl,Z2,«0i---i*n-l 



-2.B'.1''2. 

JO---Jn + d-2 

'1,^2 JOvJn+d-2 



This implies that the map 

determines a surjective homomorphism F"(£^,a) — > F"^"'^(£^, a). Here 5o,i„ and ^oj^+^.i are the 
Kronecker deltas. 

According to Theorem [TJ the algebra F"(£^,a) is responsible for ZCRs of order < n, and the 
algebra F"~^(£',a) is responsible for ZCRs of order < n — 1. The constructed homomorphism 
F"(£^,a) — F"~"'^(£^,a) reflects the fact that any ZCR of order < — 1 is at the same time of 
order < n. 

Thus we obtain the following sequence of surjective homomorphisms of Lie algebras 

(56) y F"(£, a) ¥''-\S, a) Y¥\8,a)^ F°(£, a). 

3. Some results on generators of F"(£,a) 

According to Remark [T3l the algebra F"(£,a) is given by the generators A'^^''^-^, B^^^''^^-^^^__^ and 
the relations arising from fl5^ . (1551) . Using (jlj), we can rewrite equation fl5^ as 

rj n+d—1 Pi Pi ^ P) 

(57) ^(B)+ 5^ — (B)--(A)-5^Z},^(F(x,t,Mo,Wi,...,Wd))^(A) + [A,B] = 0. 

fc=0 A:=0 

In this section, we regard F = F{x,t,Uo,Ui, . . . ,Ud) as a power series, using the Taylor series of 
the function F at the point ( l28l) . 

Proposition 5. The elements 

(58) ^!o'°in' /i,io,---,«n e Z>o, 
generate the algehm a). 

Proof. For each / G Z>o, denote by C F"(£,a) the subalgebra generated by all the elements 
K[]'\ with/2</. 

Lemma 1. Let h, kjo, ■ ■ ■ dn+d-i G Z>o he such that jo H h jn+d-i > 0. Then B^{,'.'.'j-^^^^_^ G ^i^. 

Proof. For any jo, • • • , jn+d-i G Z>o satisfying jo H h jn+d-i > 0, denote by p(jo, • • • , jn+d-i) the 

maximal integer r G {0, 1, . . . , n + c/ — 1} such that jr ^ 0. Set also p(0, . . . , 0) = — 1. 
Differentiating (157|) with respect to Un+d, we obtain 

^(B) . f . f ,A), 

dUn+d-l OUd OUn 

which implies G f^^ for all /a, jo, • • -Jn+d-i G Z>o obeying p(jo, . . .,jn+d~i) = n + d-1. 
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(59) 



^ G fi, for all /i, /a, Jo, • • • ,Jn+d-i ^ ^>o satisfying p(jo, . . . , j^+^.i) > 



m. 



We are going to show that B^-y'''j^^^_^ G fjj for all h,l2, Jo, ■ ■ ■ , Jn+d-i e Z>o satisfying 

P(jo, ■ ■ ■ Jn+d-l) = 

For any power series C of the form 



C= - ^oY'it - to)'^(wo - aof' . . . K - afc)'^'= ■ Cj,;'; 

li,l2,do,---,d.k>0 



Ct.'\eF"(^,a) 



set 



S(C) 



d 



-{C) 



-dUm+l 

That is, in order to obtain S(C), we differentiate C with respect to Um+i and then substitute 
Uk = Cfc for all k > m + 1. 
Property (l53l) implies 

d_ 

Combining (l57|l with (160|1 . we get 



(60) 



S(|(A))^0. 



(61) S{D, 
Using fl^ . one obtains 



s(E^'(^)^(^))-s([a,b]). 

^ A:=0 ^ 



(62) S(D4B)) 



p{jo,---Jn+d-i)=m 



jO---jn + d-l 



P(iOvJn + d-l)>"l 



From flS5]) it follows that S(A) = 0, which yields 



(63) S([A,B]) = S(A), 



?ife=aj., fc>m+l 



+ 



A 



?ife=aj., k>m+l 



A 



Uk=ak, k>m+l 



In view of ([62]), (I63D, for any h, Z2, Jo, • • • , Jn+d-i e Z>o satisfying p(Jo, • • • , Jn+d-i) = m the element 
Bj^'^^j d 1 ^PPsars only once on the left-hand side of flMl) and does not appear on the right-hand 
side otm^. 

Combining (|6T]) . fl62|) . fl63|) . we see that the element Bjjj''j^^^_^ is equal to a hnear combination 
of elements of the form 



(64) a: 



io io---jn + d-l' 



«0---«n' JO---Jn+d-l 



^2 < ^2, ^2 < ^2, p(jo, . . . ,Jn+d-l) > 



Obviously, for any I2 < h one has f^^ C f^j. Taking into account assumption fl5^ . we obtain that 
the elements fl6lD belong to f;„. Hence B'-^''\ G f;,. 
The proof is completed by induction. 

Lemma 2. For all li,l2 G Z>o, one /las Bq'q G fjj- 



□ 
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Proof. According to (1531) , we have 1 
Note that property fl53l) imphes 



h...o 



(65) 



In view of flSTl). one has 



0, 



0. Therefore, it is sufficient to prove Bq ''q G fi2 for Zi > 0. 
d 



dt 



(A) 



0. 



(66) 



dx 



Uk=ak, k>0 ;^>o, l2>0 



Substituting Uk = for all k G Z>o in (!57|) and using (165!) . (!66|) . we get 



(67) ^ Zi(x-a;o)'^-'(t-to;- -^o.-.o 

il>0, /2>0 



/c=0 



Mfe=afc, fc>0 \ ;j=o 



Uk=CLk, fc>0 



Combining (150|) . ( 15T|) . (167|) . we see that for any /i > and /2 > the element Bq '^q is equal to a 
linear combination of elements of the form 



(68) 



-jo...«n' "^/o'...in+d-l' ^1' "^0' • • • ' '''nJoy ■ ■ - Jn+d-l G Z>o, jo H \- jn+d~l = 1- 

According to Lemma [Hand the definition of fi^, the elements ( l68l) belong to f^j- Thus Bq ''q G fjj. □ 



Lemma 3. For all li,l,iQ, . . . ,in G Z>o, 'ife /lawe 



Ji,i+i 



Proof. Using ( ISO]) , we can rewrite equation as 



^ (/ + l)(a; - xoY'it - toYiuo - aoY" ...(«„- a„)'" 



iQ...in 



h,l,io,...,in>0 



n+d-l 



r\ /t-rti— J. o 

(B)-5:z,J(F) (A) + |A.: 

fc=0 fc=0 



This implies that A'^''^^ is equal to a linear combination of elements of the form 
(69) 



io Jo---Jn+d-l' 



A' 



io Jo---Jn + d-l 



^2 < ^ ^2 < ^, ^0, • • • 5 ^n, Jo, • • • 5 G Z 



>0- 



Using Lemmas [H [2] and the condition I2 < I, we get Bj^' G f^^ C f^. Therefore, the ele- 

ments (l69l) belong to f^. Hence A'^''^^ e fi. □ 



Return to the proof of Proposition [5l According to Lemmas [T], [2] and the definition of f;, we have 



^!o'\'®io.'''in+d-i ^ fo^^ all li,l2,io, ■ --injo, ■ ■ ■ dn+d-i e Z>o. Lemma [3] implies that 

f«2 C fi2-i C f;2_2 C ■ ■ ■ C fo- 
Therefore, F"(£^, a) is equal to fo, which is generated by the elements (l58ll . 



□ 
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4. The homomorphisms F"(£^,a) F""-^(£^,a) and ¥"-{£, a) ¥°{£,a) for equations f|T5l) 

In this section we study the algebras (!56|) for equations of the form 
(70) = U2g+i + /(x,t,Mo,Mi, . . . ,M2g-i), qeZ^o, 

where / is an arbitrary function. 



Let S be the infinite prolongation of equation fjTOj) . Then £ is an infinite-dimensional manifold 
with the coordinates x, t, Uk for k G Z>o. 

For equation fITOl) . the total derivative operators (jl]) are 



(71) Do: = ^ + J^^^fc+l^, A = ^ + ^^f;(M2g+l + /(a;,t,U0,Ml, • • • ,^^2<?-l)) 



fc>0 fc>0 

Consider an arbitrary point a & £ given by 

(72) a = (x = Xo, t = to, = a^) G £, Xq, to, ctfc G K, A; G Z>o. 

Let n G Z>o be such that n > 2q — 1. According to Remark [T3l the algebra ¥'"{£, a) can be 
described as follows. Consider formal power series 



(73) A= {x-xoy^it-toy^iuo-aoY' ...{un-ar^y- 



io...i„i 

h th ,io t ■ ■ ■ tinl^O 



(74) B= J2 (x-a;o)'Hi-M''K-ao)'°...(Mn+2g-an+2,)'"+''' 



J0---Jn+2q 
ll,h,jo,---,jn + 2q>0 



satisfying 



(75) A'^'\ = if 3 r G {1, . . . , n} such that = 1, = Vm > r, 

(76) K:'.l = V/i,/2GZ>o, 

(77) B°;'^o = V/2GZ>o. 

Then A-^''^^^, ^l^/.^j^^^q generators of the algebra F"(£^,a), and the equation 

(78) A(B) - A (A) + [A, B] = 

provides relations for these generators (in addition to relations fl75l) . fl76|) . (1771) ). 
Note that condition (I75|) is equivalent to 

= Vs>l. 



(T9) ^ 



Using ( I7T]) . we can rewrite equation ( 1781) as 

^ n+2q „ 



80) — (B)+ — (B) + 

fc=0 



= §:(^)+Yl ("fc+2g+l + Dl{f{x, t, Mo, Ml, • • • , 'U2g-l))) ^(A). 

Here we regard /(x, t, mq, Mi, . . . , M2g-i) as a power series, using the Taylor series of the function / 
at the point (172|) . 

Differentiating (IHOj) with respect to u„+2g+i, we obtain 

-(B) = ^(A). 
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From (IHT]) it follows that B is of the form 

d 

(82) B = M„+2g^(A) + Bo(x, t,Uo,..., M„+2g-l), 

where Mq{x, t,Uo, . . . , Un+2q-i) is a power series in the variables 

X — Xo, t — to, Uq — ao, . . . , Un+2q-l — 0'n+2q-l- 

Differentiating (IHOjl with respect to Un+2q, Un+i for i = 1, . . . , 2g — 1 and using (l82l) . one gets 

C)2 C)2 5^2 

(A) + (Bo) = 0, (Bo) = 0, s = 2, . . . , 2g - 1. 



dUndUn dUn+ldUn+2q~l dUn+sdUn+2q-l 

Therefore, Bo = Bo(a;, t,uo, . . . , Un+2q-i) is of the form 



(83) Bo = Un+lUn+2q-l (^2^g,l " l) ' 



+ 



dUndUn 

+ Un+2q-1^0l{x,t,Uo, . . . , M„) + Boo (x, t, Mo, • • ■,Un+2q-2)- 

Here Boi(x, t,UQ, . . . , Un) is a power series in the variables x — xq, t — to, mo — ao, — a„ and 
Moo{x,t,uo, . . ., Un+2q-2) is a power series in the variables x-xq, t-to, Uo-ao, . . . ,Un+2q-2-an+2q-2- 

Recall that n > 2g — 1 > 1. Applying the operator — to equation ( IHOj) and 



using (IH2]), (IH3]), we get 



dUn+ldUn+ldUn+2q-l 

-(A) = 0. 



dUndUndUn 

Hence A is of the form 

(84) A = (m„ - a„)^A2(x, t,Uo,..., Un-l) + (Wn - a„)Ai(x, t,Uo,..., Un-l) + Ao(x, t,Uo,..., Un-l), 

where Aj{x, t,uo, . . . , m„_i) is a power series in the variables x — xq, t — to, uq — ao, . . . , Un^i — ctn-i 
for j = 0,1, 2. 

Equation (J79l) for s = n yields 

(85) Ai{x,t,uo, . . . ,Un^i) = 0. 
Combining ([82]), ([83]), ([HID, ([85]), we get 

(86) B = 2Un+2q{Un " a„)A2(x, t,Uo, . . . , Un-l) + Un+lUn+2q-l{5q,l - 2)A2(x, t,Uo, . . . , Mn-l) + 

+ M„+2g-lBoi(x, t,Uo,..., Un) + Moo{x, t,Uo, . . . , Un+2q-2) ■ 

Applying the operator 7- to equation (IHOl) . one gets 

dUn+lOUn+2q-l 

(87) - 2D,(A2) + (5g,i + l)^(®oi) - 2[Ao, A2] = 0. 



Differentiating f l87]) with respect to u„, we obtain 

(88) - 2^(A2) + (5,, + l)^^(Boi) = 0. 

^3 

Applying the operator 7- — - — to equation (ISO]) , one gets 

dUnOUnOUn+2q 

(89) 4-^(A2) + Tr^(Boi) = 2^(A2). 

OUn-l OUnOUn OUn-1 
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Equations ([88]), ([89]) imply 



(90) 



Applying the operator 



(91) 



d 



dUn-l 



(A2(x,t,Mo, • • ■,Un-l)) = 0. 



du„du„+2q 



to equation fISUl) and using (1^ . we get 



d 



2D,(A2) + ^(Boi) + 2[Ao, A2] = 0. 



Combining f[9T]) with f[87]) . we obtain 

(92) D,(A2) + [Ao,A2] = 0. 

Lemma 4. One /las 



(93) 



duk 



(A2) = 



WkeZ 



>o- 



Proof. Suppose that ( 193]) does not hold. Let ko be the maximal integer such that 7- — (A2) 7^ 0. 

OUko 



(94) 



From ( l90]) it follows that /cq < — 1- Equation ( 179]) for s = /cq + 1 implies 

d 



du 



ka+l 



-(Ao) 



0. 



Uf,=a^, fe>fco+l 



Differentiating fl^ with respect to Uk^+i, we obtain 



(95) 



d 



du 



■(A2) 



d 



(Ao), A2 



0. 



d 



Substituting Uk = ak in ( l95]) for all A; > fco + 1 and using ( l94]) . one gets 7: — (A2) = 0, which 

OUko 

contradicts to our assumption. □ 



From ([93]) it follows that equation ([92]) reads 

d 



(96) — (A2) + [Ao,A2] =0. 

Note that condition ( 176]) implies 
(97) 

Substituting Uk = ak in ([96]) for all > and using ([93]) . ([97]) . we get 



0. 



(98) 



Combining ([98]) with ([96]) . one obtains 

(99) [A2,Ao]=0. 
In view of ([73]) . ([8^ . we have 

(100) Ao= 



= 2^ (x - xo)'^ (t - to)'^ (% - ■ ■ ■ («n-i - a„-i)^""^ ■ <:'l_,o 



According to ([75D. (IM]). (1^. ([US]), one has 
(101) A2 = - io)' • A\ 



A' = A°:'.o2GF"(£,a). 
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Combining (18^ . (!85|) . fllOOp . fllOip with Proposition [5l we obtain that the elements 



(102) A°, <:°.,„_,o, ^1, ^0, • • • , in-i e Z>o, 

generate the algebra F"(£^, a). 

Substituting t = to in (IM]) and using ( llOOp . ( llOip . one gets 

(103) [AO,A(^:°,_^o] =0 V/i,2o,...,^n-l GZ>o. 
Since the elements (11021) generate the algebra ¥^{£,a), equation (11031) yields 

(104) [A°, F"(^,a)] = 0. 
Lemma 5. One has 

(105) [A', a)] = V/ G Z>o. 

Proof. We prove (llOSp by induction on /. The property [A*^, F"(£^,a)l = was obtained in (I104p . 



9' 

Let r e Z>o be such that [A', F"(f , a)l = for all / < r. Since 7r7(A2 



l\ - A', we get 



i=io 



(106) 



9" 



-(Ao 



t=to. 



VZ<r, Vm G Z 



>o- 



d 



ir+l 



Applying the operator to equation fl99|) . substituting t = to, and using (I106p . one obtains 



9^ 



r+l 



r([A2,Ao]) 



dt 

r+l 

*=to fc=0 



r + l 
k 



Qk 



a' 



ir+1 



t=tQ 
h 



t=to. 



rr(Ao) 



t=to. 



(r + 1)! ■ A^+\ 5^ (x - Xo)'H^o - ao)« • • • (w„-i - a„-i)^"- ■ A^^'.^.^^o 

U,«0vi*n-1 

which implies 

(107) [k-+\ <'.°...-io] = VZi,^o, . . ..in-i e Z>o. 
Equation (I104p yields 

(108) [A°, A^'+i] = 0. 

Since the elements fll02p generate the algebra ¥^{£,a), from fll07p . fllOSD it follows that 
[A''+\ F"(£,a)] = 0. □ 

Theorem 8. Let £ be the infinite prolongation of an equation of the form 

Ut = U2q+1 + f{x, t, Mo, Ml, M2g-l), Q ^ Z>o. 

Let a E £ . For each n G Z>o, consider the homomorphism ■ F"(£', a) — )• ¥^~^(£, a) from 
If n > 2q — 1 then 

(109) [t;i,t;2] =0 V^i G ker¥?„, \/v2 G F"(£,a). 

/n ot/ier words, if n > 2q — 1 then the kernel of ipn is contained in the center of the Lie algebra 
¥''{£, a). 

For each k G Z>o, letifjk- ¥''~^'^'^~'^ (£ , a) — > F^^~^(£^,a) be the composition of the homomorphisms 
F'=+2«-2(£, a) ¥^+^'^-%£, a) ^ > ¥^'^-\£, a) ¥^'^'\£, a) 
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from ( !56|) . Then 

(110) [hi,[h2, ... ,[hk-i,[hk,hk+i]] ...]]= W hi, . . . , hk+i e ker tpk. 

In particular, the kernel of ip^ is nilpotent. 

Proof. Let n > 2q — 1. Combining formulas (|8^ . fl86l) . fllOip with the definition of 
ifn '. F"(£, a) — )■ F"~^(£^, a), we see that ker Lpn is generated by the elements AJ, I E Z>o. Then f llOQp 
follows from fllOSp . 

So we have proved that the kernel of the homomorphism (fn'. ¥^(£, a) — ?■ F"^^(£^, a) is contained 
in the center of the Lie algebra F"(£^, a) for any n > 2q — 1. 

Let us prove flllOp by induction on k. Since ipi = V2q-i, for A; = 1 property flllOp fol- 
lows from fllOQp . Let r G Z>o be such that flllOp is valid for k = r. Then for any 



h[,h2, . . . , h'^^2 ^ ker ipr+i we have 

(111) [ipr+2q-lih'2), [ipr+2g-l{h'3),..., [ipr+2q-liK) , [^r+2q^l{K+l) , Vr+2q~liK+2)]] •••]] = 0, 

because ipr+2q-i{h^) G ker ip^ ior i = 2,3, . . . ,r + 2. Equation fillip says that 

(112) [h'2, [h'„...,[K, [K^i,K^2]]---]] eker<^,+2,_i. 



Since ker y9r+2g-i is contained in the center of F'"'^^'' ^(£,a), property flll2p yields 

[h[, [h'2, [/^s,..., [K, [K+11K+2]] •••]]]= 0- 
So we have proved f lllOp for = r + 1. Clearly, property f lllOp implies that keiipk is nilpotent. □ 

5. Relations between ¥^{£,a) and the Wahlquist-Estabrook prolongation algebra 
Consider an evolution equation of the form 

(113) Ut = F{uq,Ui,. . . ,Ud), U = u{x,t), Uk = -Q^, Uq = U. 

Note that the function F in (11130 does not depend on x, t. 
Let S be the infinite prolongation of (]113p . Let 

(114) a = {x = Xq, t = to, Uk = ak) G £, Xq, to, G K, k e Z>o, 
be a point of £. 

The Wahlquist-Estabrook prolongation algebra of equation (11130 at the point (I114p can be defined 
in terms of generators and relations as follows. Consider formal power series 

(115) A = J2i^o- aoY -Ai, B= Yl {uo-aoY" ...{ud-i-ad^iY'^-^ ■Bj,...j,_^, 

i>0 jo,--;jd-i>0 

where 

(116) Ai, Sjo-jd-i' «,io, • • • , jd-i e z>o, 

are elements of a Lie algebra. The equation 

(117) D,{B)-Dt{A) + [A,B]=0 

is equivalent to some Lie algebraic relations for (I116p . The Wahlquist-Estabrook prolongation 
algebra (WE algebra for short) is given by the generators flll6p and these relations. Denote this 
algebra by OU. 

We are going to show that the algebra ¥^{£, a) for equation (11130 is isomorphic to some subalgebra 

of 2n. 

According to Remark [T3|, the algebra ¥^{£,a) is generated by Af''\ for 
h,h,i, jo, . . . ,jd-i G Z>o. According to (153!) . one has Aq ''^ = Bq;'^q = for all /i, ^2- 
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Since equation ( I113P is invariant with respect to the change of variables — Xq, t ^ t — Iq, 

we can assume Xq = to = in (11141) . Since Ag ''^ = IBq''^q = and Xq = to = 0, in the case n = the 
power series ( l50l) . ( l5Ti) . ( l52l) are written as 

(118) A= J2 xH^{uo-aoY -KY^ 

«l,«2>0, i>0 

(119) B= x'H'^(Mo-aoyV..(M,_i-arf_i)^''--B;^''^^_^, B°:'^o = 0, 

'i,'2,iov,id-i>o 

(120) D,{B) - Dt{k) + [A, 1] = 0, A^'^ G F°(£, a). 

The next lemma follows from the definition of F°(£^, a). 
Lemma 6. Let 2, he a Lie algebra. Consider formal power series of the form 

P= J2 x''t'Ku,-aor-Pl'''\ 

h,l2>0, i>0 

h,h,jo,---,jd-i>0 

IfD.iQ) - Dt{P) + [P,g] = 0, then the map A'^''' ^ P^"'', ^ Q'Io%,.^ determines a 

homomorphism from ¥^(£, a) to 

Let £ be a Lie algebra. A formal ZCR of Wahlquist-Estahrook type with coefficients in £ is given 
by formal power series 

(121) M = ^(mo - aoY ■ M„ N= («o - ■ ■ ■ (ud-i - ad-iY'-' ■ 
satisfying 

(122) D,{N) - Dt{M) + [M, N] = 0. 

The next lemma follows from the definition of the WE algebra Q2J. 

Lemma 7. Any formal ZCR of Wahlquist-Estabrook type (I12ip . (I122p with coefficients in £, deter- 
mines a homomorphism 2IJ — )■ £ given by Ai i— )• Mj, Nj^^^^j^_^. 

Remark 14. For any Lie algebra £, there is a (possibly infinite-dimensional) vector space V such 
that £ is isomorphic to a Lie subalgebra of gliV). Here gliV) is the algebra of linear maps V ^ V. 

For example, one can use the following construction. Denote by U(£) the universal enveloping 
algebra of £. We have the injective homomorphism of Lie algebras 

e: £-^ gl(U(£)), ^{v){w) = vw, veil, w e U(£). 

So one can set V = U(£). 

Denote by F the vector space of formal power series in variables zi, Z2 with coefficients in ¥^{£, a). 
That is, an element of F is a power series of the form 

The space F has the Lie algebra structure given by 



h,h,h,h 
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We have also the following homomorphism of Lie algebras 

(123) u:F^¥\£,a), u( ^ z'^ z'i C''A = C"" 

^«i,«2ez>o ^ 

For i = 1,2, let : F — t- F be the linear map given by 

d 



Let D be the linear span of dzi , in the vector space of linear maps F — )■ F. Since the maps dzi , 
commute, the space D is a 2-dimensional abelian Lie algebra with respect to the commutator of 
maps. 

Denote by L the vector space D © F with the following Lie algebra structure 

[Xi + h, X2 + /2] = Xi(/2) - X2(/i) + [h, /2], Xi, X2 G D, A, h e F. 

An element of L can be written as a sum of the following form 

(z/l9.,+l/29,,) + 5^2^4^C'^'^ yi,y2eK, C'^'^ e¥^i£,a). 

Theorem 9. Let G W be the suhalgehra generated by the elements 

(124) (adAofiA^), k e Z>o, t e Z^q. 

Then the map (ad^o)'^('^i) ^ k\ ■ A^'^ determines an isomorphism between 9^ and ¥'^{8, a). 

Proof. Recall that = + ^^^^u^+i^^ and A = | + Ek>oDUF)^,- Equation is 
equivalent to 

dx 



h,hJo,---,jd- 



+ ((mo - aoY^ . . . {ud-i - ad-iY'-' 



jo---jd-l 



h,h,jo,--;jd- 



|r(a;'H'')(Mo - aoY ■ A^'^ - ^''i'' Hi'^o - aoY) ■ A^'^ + [A,B] = 0. 



, , -dt 

Zl,t2,j ll,l2,i 



-2 -^j 



We regard the expressions 
(126) A = dz, + J2i^o - aoY ■ ( J2 4 

i>0 ^ li,l2 

(127) 

^ h,h ^ io,-,id-i>o, ^hh ^ 

io+---+id-i>o 

as formal power series with coefficients in L. 

Since the function F in (11131) does not depend on x and t, equation (11251) is equivalent to 
D^{B) - Dt{A^ + \A, B\ = 0, which implies that the power series (I126p . (11271) constitute a formal 
ZCR of Wahlquist-Estabrook type with coefficients in L. 

Applying Lemma [7] to this formal ZCR, we obtain the homomorphism 



(128) if-.W^h, ip{Ao) = dz„ ^(Ai) = ^ > 



J0 + ---+ Jd-1 > 0. 



h,l2 h,l2 
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Clearly, F is a Lie subalgebra of L = D © F. In view of fll28p . for any k G Z>o and i G Z>o we 
have 



(129) v[{adAo)'{A,)) = (ad5.J^( J^^^z^^A^'^) = ( ^ 4^4^A^'^) 



G F. 



Since £H C QU is generated by the elements fll24p . property (11291) implies v^(9^) C F C L. Using the 
homomorphism (I123p and property fll29p . we obtain 

(130) i/o(^|^: 9^->F°(£,a), (z/ o y?) (^(ad A)^(A)) = A;! ■ A^'^'", A; G Z>o, 2 G Z>o. 

Using Remark [HI we can assume that 2IT is embedded in the algebra gl(V^) for some vector 
space V . Let S be the vector space of power series of the form 

(131) ^''^''(^0 - «o)^° • • • - «'^)^' ■ C'lol, ^'ol e 0[(\/), G Z>o. 

Note that S contains power series (llSip for all k G Z>o. For each C G S, the power series 
Dsc{C), Dt{C) G S are defined according to Remark [TTl 

Recall that gliV) consists of linear maps V ^ V. Since QliV) is an associative algebra with 
respect to the composition of maps, the space S is an associative algebra with respect to the 
standard multiplication of formal power series. 

Also, using Remark [TT] and the Lie bracket on gl{V), we obtain a Lie bracket on the space S. 

Set Bq = i3o...O) where i3o...o is the free term of the power series B from flllSp . Since 
Ai, BjQ,„j^_^ G 22J C q\-{V) for all i, joi ■ ■ ■ i jd-i G Z>o, the power series e^-^o, e*^'', and (IllSp 
belong to S. Set 

(132) P = -e*^Moe-*^° + e^^Oe^-^Me-^^Oe"*^" , 

(133) Q = -Bo + e'^Oe^^O-Be-^-^^e-^^o. 

Using (Una), ([I33D, we get 

(134) D^{Q) = e*^° [Ao, e^"^«i3e-^-^°]e-*^« + e*^Oe^-^«L'^(S)e-^^«e-*^o, 

(135) Dt{P) = - [Bo, e*^« Ae-*^«] + [Bo, e^^^e'-^Me-'^^e"*^"] + e^^Oe"-^" A(^)e-"'^°e-*^°. 

Recall that D^{B) - Dt{A) + [A,B] = according to ffTTTj) . Combining this with ffT32D . ffT33D . 



fll35p . one obtains 



(136) D.,{Q) - Dt{P) + [P, Q] = e^^^e^-^" (D,(i3) - Dt{A) + [A, i3])e-^'^«e-*^« = 0. 
Formulas ([II5D, ([1321), (II33D yield 

(137) P = -e*^Moe-*^o + ^(mq - ao)' ■ e^^^e'-^Mie-'-^^e-*^" = 



i>0 



J2 x'^t^^(Mo-ao)^^(adSo)'^((adA)'HA)). 



(138) Q = -Bo+ - "o)'" • • • ("-^-i - ■ e*^°e^'^°^io.....-ie-"'^°e- 

iovjd-i>o 



tBo 



-Bo + J2 x'^t'^uo - aoY' . . . {ud-i - ad-iY'-^ ■ ^(adi^o)'^ ((ad A)'^ (^jo-j.-i 



'l,'2 J0,...,id-1>0 
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From (11361) . (I137p . (I138P it follows that the power series P, Q satisfy all conditions of Lemma [61 
Applying Lemma [6] to P, Q given by (I137p . (I138p . we obtain the homomorphism 

(139) 

F°(£,a) -^2n, ^(A^'^) = ^(adSo)'^((adA)'nA)), luh G Z>o, t G Z>o, 
^Wo'i.-i) = ^(adSo)'^((ad A)'n^.o...,.-j), hJ2,3o, • • • , Jd-i G ^>o, Jo + ■ ■ ■ + Jd-i > 0, 

^^(^0.5) = ^(adi3o)'^((adA)'k^o...o)), l[ G Z>o, G Z>o. 

From (I139P we get 

(140) V^(A^°) = -^(adA)'KA) G 9^, /i G Z>o, 2 G Z>o. 

Since, by Proposition |5l the elements A-^'°, li G Z>o, i G Z>o, generate the algebra F°(£^,a), 
property (I140p implies F*^(£^, a)) C fH. Then from f ll30p . f ll40p it follows that the homomorphisms 
tjj: ¥^(£, a) — i- £H and u o (p\(j^: D\ ¥^(£, a) are inverse to each other. □ 

6. The algebras ¥'^{£,a) for the KdV equation 
Consider the infinite-dimensional Lie algebra 

sl2(K[A]) ^st2(K) ®kK[A], 
where ]K[A] is the algebra of polynomials in A. 

Theorem 10. Let S be the infinite prolongation of the KdV equation ut = u^xx + UxU. Let a & £ . 
Then F°(£, a) is isomorphic to the direct sum of sl2(K[X\) and a "i- dimensional ahelian Lie algebra. 

For each n G Z>o, consider the homomorphism ipn'- F"'(£,a) — )■ F"~^(£^,a) from (l56l) and the 
homomorphism ipn- F"(£^,a) — )■ ¥^(£,a) that is equal to the composition of 

F"(^, a) ¥'"\£, a) ^ >¥\£,a)^ ¥\£, a). 

Then the kernel of (fn is contained in the center of the Lie algebra ¥"{£, a), and the kernel ofipn 
is nilpotent. 

Proof. Let 22J be the Wahlquist-Estabrook prolongation algebra of the KdV equation. According 
to [2, [3], the algebra QH is isomorphic to the direct sum of s[2(IK[A]) and a 5-dimensional nilpotent 
Lie algebra. 

Consider the subalgebra 9^ C 21J defined in Theorem O According to Theorem [HI one has 
F°(£, a) = 9^. From the description of QU in [2, [3] it follows that 9i is isomorphic to the direct sum 
of 5l2(]K[A]) and a 3-dimensional abelian Lie algebra. 

The results about the homomorphisms V9„: ¥""{£, a) ¥"''^{£,a) and ipn: ¥""{£, a) ¥°{£,a) 
follow from Theorem [8] in the case q = 1. □ 
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